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Abstract
In this paper we give a complete solution of the simple minimum covering problem for Kv with copies of a graph G
having at least one vertex of degree one and such that E(G) = V (G) = 5, for all v¿ 7 and for all possible paddings.
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1. Introduction
A G-design of order v or a G-decomposition of Kv is a pair (V;B), where V is a v-set and B an edge-disjoint
decomposition of Kv into copies of a simple graph G. A G-decomposition of Kv is denoted by Kv → G.
The existence of a G-design, with V (G)6 5, has been studied in the literature [2–4]. A packing of Kv with copies of
G is an ordered triple (V;B; L), where V = V (Kv), B is a collection of edge-disjoint copies of G, and L is the set of
edges not belonging to the blocks of B. The number v is called the order of the packing (V;B; L), and the set of unused
edges L is called the leave. If |B| is as large as possible, then (V;B; L) is called a maximum packing (MP).
A simple covering of Kv with copies of G is an ordered triple (V;C; P), where V = V (Kv), P ⊂ E(Kv) is called the
padding or excess, and C is a collection of edge-disjoint copies of G which partition E(Kv) ∪ P. The number v is called
the order of the covering. If |P| is as small as possible, then (V;C; P) is called a simple minimum covering (SMC).
The maximum packing problem of Kv with copies of G has been studied extensively for G=K3; K4; K5; K4− e and for
other speci!c graphs (see [1] for references). Recently, Zhang and Yin [18] and Ge [6] studied maximum packings of Kv
with copies of a graph G of !ve vertices having at least one vertex of degree one.
Results concerning minimum coverings of Kv with copies of G are given in [5,17] for G = K3, in [12,13] for G = K4,
in [9,10] for G=K4− e, in [7,8,16] for some cycle-systems, in [15] for the trees of order seven and in [14] for all graphs
of four vertices or less.
In this paper we give a complete solution of the analogous problem for simple minimum coverings of Kv with copies
of a simple and connected graph G having at least one vertex of degree one and such that V (G) = E(G) = 5. More
precisely, for each v¿ 7, we prove that there is a simple minimum covering of order v having all possible paddings.
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2. Preliminaries and necessary conditions
In this section, we shall de!ne some terminology and state some results which will be useful later on.
Let G be a simple and connected graph. There are four nonisomorphic graphs with at least one vertex of degree one
and such that E(G) = V (G) = 5:
The spectrum problem for the existence of a G-design with E(G) =V (G) = 5 is well known. In the following theorem
we state the results.
Theorem 2.1 (Bermond et al. [2]). A G-design of order v exists if and only if:
(1) v ≡ 0; 1 (mod 5), v¿ 6, for G = G7; G8;
(2) v ≡ 0; 1 (mod 5) for G = G6;
(3) v ≡ 0; 1 (mod 5), v¿ 6, for G = G9.
The possible paddings of a simple minimum covering of Kv → Gj , j = 6–9, for all v¿ 7, are given in Table 1.
Table 1
S. Milici / Discrete Mathematics 284 (2004) 225–229 227
We complete this section by collecting some de!nitions and results which will be used to produce simple minimum
coverings of Kv → Gj , j = 6–9.
Let Kn1 ;n2 ;:::;nt be the complete multipartite graph with vertex set V =
⋃t
i=1 Xi, where Xi are disjoint sets with |Xi| = ni
and where each pair of vertices from diFerent sets Xi and Xj , i = j, are joined by exactly one edge.
A group divisible G-design (GDGD) of type rn or a G-decomposition of Kr;r; :::; r (Kr;r; :::; r → G) is a triple (V;G;B),
where V = V (Kr;r; :::; r), G is a partition of V into n groups (holes) of size r each, B is an edge-disjoint decomposition of
the edge set of Kr;r; :::; r into copies of G (blocks).
A G-design of order v with a hole of size h or a G-decomposition of Kv \ Kh (Kv \ Kh → G) is a triple (V; H;B),
where V = V (Kv), H = V (Kh) with H ⊆ V and B is an edge-disjoint decomposition of Kv \ Kh into copies of G.
From Zhang et al. [18], Ge [6], Bermond et al. [2] and Milici [11] we have the following theorems:
Theorem 2.2 (Ge [6], Zhang and Yin [18]). A GDGD of type 10n exists when
(1) n¿ 4 and G = G7, or
(2) n¿ 3 and G ∈{G6; G8}.
Theorem 2.3 (Bermond et al. [2], Ge [6], Zhang and Yin [18]). A GDGD of type 5n exists when
(1) n= 2 and G = G9, or
(2) n= 3; 4; 5; 6; 7 and G = G7, or
(3) n= 3; 4; 5 and G ∈{G6; G8}.
Theorem 2.4 (Ge [6], Zhang and Yin [18]). There exists a Gj-design of order 10 + h with a hole of size
h for h∈{2; 3; 4; 7; 8; 9} and j = 6; 7; 8; 9.
Theorem 2.5 (Ge [6], Zhang and Yin [18]). There exists a Gj-design of order 5+h with a hole of size h for h∈{2; 3; 4}
and j = 6; 7; 8; 9.
The following simple minimum coverings of Kv for small values of v are determined:
Theorem 2.6 (Milici [11]). A simple minimum covering of Kv with copies of Gj exists when
(1) v∈{8; 9; 12; 13; 14}; j∈{6; 7; 8} and with paddings as in Table 1;
(2) v∈{8; 9}; j = 9 and with paddings as in Table 1;
(3) v = 7; j∈{6; 7; 8; 9} with paddings as in Table 1, apart from J.
3. Simple minimum coverings of Kv → G9
Let G9 be the graph as in Section 2(i). In this section we deal with the problem of constructing a simple mini-
mum covering of Kv with copies of G9, for all v ≡ 2; 3; 4 (mod 5), v¿ 7.
Theorem 3.1. If v ≡ 2; 3; 4 (mod 5), v¿ 7, then there exists a simple minimum covering of Kv → G9. For v ≡ 3 (mod 5)
both paddings in Table 1 are possible. For v ≡ 4 (mod 5) all of the paddings of Table 1 are possible. For v ≡ 2 (mod 5)
all of the paddings of Table 1, apart from J, are possible.
Proof. Let X be a set of size 5t and H a set of size h∈{2; 3; 4} such that X ∩ H = ∅. Let X = Z5 × Zt , V = X ∪ H
and de!ne a collection B of copies of G9 as follows. On the set H ∪ (Z5 × {0}), place a simple minimum covering of
K5+h → G9 with padding P (see Theorem 2.6). On the set H ∪ (Z5 × {i}), for each i = 1; 2; : : : ; t − 1, place a copy of
K5+h \ Kh → G9 (see Theorem 2.5). On the set (Z5 × {i}) ∪ (Z5 × {j}), for each i; j∈{1; 2; : : : ; t − 1}, i = j, place a
GDG9D design of type 52 (see Theorem 2.3).
The result is a simple minimum covering of Kv → G9 of order v = h + 5t with all possible paddings. This completes
the proof.
Theorem 3.2. If v ≡ 2 (mod 5), v¿ 7, then there exists a simple minimum covering of Kv → G9 with padding of type J.
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Proof. Let X be a set of size 5t and H a 2-set such that X ∩H =∅. Set X =Z5×Zt , H ={5; 6}, V =X ∪H , x∈ Z5×{1}
and Z5 × {0}= {00; 10; 20; 30; 40}. On the set H ∪ (Z5 × {0}) ∪ {x} de!ne a collection of blocks as follows:
B9 = {[10; 6; 40; 20; 00]; [30; 20; 6; 5; 00]; [40; 10; 00; 30; x]; [5; 20; 00; 40; 10]; [30; 10; 5; 6; 00]}:
Now we proceed as in the proof of Theorem 3.1 except for the set H ∪ (Z5 × {0}). In this case we replace the block
set of the simple minimum covering of K7 → G9 with B9.
The result is a simple minimum covering of Kv → G9, v ≡ 2 (mod 5), v¿ 12, and padding P = {30x; 56; 1040; 2000} of
type J.
4. Simple minimum coverings of Kv → Gj , j = 6; 7; 8
In this section we construct simple minimum coverings of Kv with copies of Gj , j=6; 7; 8, for every v ≡ 2; 3; 4 (mod 5),
v¿ 6.
Lemma 4.1. There exists a simple minimum covering of Kv → G7, v=h+5t, h∈{2; 3; 4} and t=3; 4; 5; 6; 7. For h=3; 4,
all of the paddings of Table 1 are possible. For h= 2 all of the paddings of Table 1, other than J, are possible.
Proof. Let X = Z5× Zt , t=3; 4; 5; 6; 7, H a set of size h, h∈{2; 3; 4}, Hr = Z5×{r} a set of size 5 for r=0; 1; : : : ; t− 1
and X ∩ H = ∅. Let V = (⋃t−1r=0 Hr) ∪ H . We obtain the required G7-design on V as follows.
On the set H ∪ H0 place a simple minimum covering of order 5 + h, h∈{2; 3; 4} and padding P (see Theorem 2.6).
On the set H ∪ Hi, i = 1; 2; : : : ; t − 1 place a decomposition of K5+h \ Kh → G7 (see Theorem 2.5). On the 5t-set
X = H0 ∪ H1 ∪ · · · ∪ Ht−1 place a GDG7D of type 5t , t = 3; 4; 5; 6; 7 (see Theorem 2.3). Now, making use of a simple
minimum covering of order v=7; 8; 9 with padding as in Table 1 (see Theorem 2.6), we obtain the desired designs. This
completes the proof.
Lemma 4.2. There exists a simple minimum covering of Kv → G7, v= 2 + 5t, t = 2; 3; 4; 5; 6; 7, with padding of type J.
Proof. The case v= 12 can be found in [11]. For v¿ 12, let X be a set of size 5t and H a 2-set such that X ∩ H = ∅.
Let X = Z5 × Zt for t = 3; 4; 5; 6; 7, H = {5; 6}, V = X ∪ H , x∈ Z5 × {1} and Z5 × {0} = {00; 10; 20; 30; 40}. On the set
H ∪ {x} ∪ (Z5 × {0}) de!ne a collection of blocks as follows:
B7 = {[20; 30; 10; (40; 5)]; [10; 00; 6; (40; x)]; [5; 00; 30; (20; 6)]; [20; 6; 5; (40; 00)]; [20; 00; 40; (10; 30)]}:
Now we proceed as in the proof of Lemma 4.1 with the following modi!cation. The block set of the simple minimum
covering of K7 → G7 is replaced with B7. The result is a simple minimum covering of Kv → G7, v = 17; 22; 27; 32; 37,
with padding P = {6x; 2030; 1040; 500} of type J.
Theorem 4.1. If v ≡ 2; 3; 4 (mod 5), v¿ 6, then there exists a simple minimum covering of Kv → G7 with padding as in
Table 1.
Proof. Write v = h + 10n, where h∈{2; 3; 4; 7; 8; 9}. The cases v = 7; 8; 9; 12; 13; 14 can be found in [11]. Lemmas 4.1
and 4.2 give the cases n= 1; 2; 3. Now let n¿ 4, X be a set of size 10n, H a h-set, h∈{2; 3; 4; 7; 8; 9} with X ∩H = ∅,
Hr = Z10 × {r}, r = 0; 1; : : : ; n− 1, and V (Kv) = (⋃n−1i=0 Hi) ∪ H . We obtain the required G7-design on V as follows.
On the set H ∪H0 place a simple minimum covering of order 10 + h, h∈{2; 3; 4; 7; 8; 9} and padding P (see Theorem
2.6). On the set H ∪Hi, i= 1; 2; : : : ; n− 1 place a decomposition of K10+h \ Kh → G7 (see Theorem 2.4). On the 10n-set
X =H0 ∪H1 ∪ · · · ∪Hn−1 place a GDG7D of type 10n, n¿ 4 (see Theorem 2.2). Now, making use of a simple minimum
covering of order v∈{12; 13; 14; 17; 18; 19} with padding as in Table 1 (see Theorem 2.6 and Lemma 4.1), we obtain all
the desired designs. This completes the proof.
Lemma 4.3. There exists a simple minimum covering of Kv → Gj , j = 6; 8, v = h + 5t, h∈{2; 3; 4} and t = 3; 4; 5. For
h=3; 4, all of the paddings of Table 1 are possible. For h=2, all of the paddings of Table 1, other than J, are possible.
Proof. From Theorem 2.3 we have a GDGjD, j = 6; 8, of type 5t , t = 3; 4; 5. The proof is similar to that of Lemma
4.1.
Lemma 4.4. There exists a simple minimum covering of Kv → Gj , j = 6; 8, v = 2 + 5t, t = 3; 4; 5, and with padding of
type J.
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Proof. The case v= 12 can be found in [11]. For v= 17; 22; 27 we proceed as in the proof of Lemma 4.2, replacing the
block set B7, respectively, for j = 6; 8, with the following collection of blocks
B6 = {[40; 10; 20; 30; 6]; [40; 10; 00; 6; x]; [10; 5; 00; 30; 40]; [40; 5; 6; 20; 30]; [6; 40; 20; 00; 5]}:
B8 = {[30; 20; 10; 40; 6]; [10; 6; 00; 5; 40]; [5; 00; 30; 6; x]; [5; 6; 20; 30; 40]; [20; 00; 40; 10; 5]}:
The result is a simple minimum covering of Kv → Gj , j= 6; 8, v= 17; 22; 27, with padding P = {6x; 2030; 1040; 500} of
type J.
Theorem 4.2. If v ≡ 2; 3; 4 (mod 5), v¿ 6, then there exists a simple minimum covering of Kv → Gj , j = 6; 8, with
padding as in Table 1.
Proof. Write v = h + 10n, where h∈{2; 3; 4; 7; 8; 9}. The cases v = 7; 8; 9; 12; 13; 14 can be found in [11]. Lemmas 4.3
and 4.4 give the cases:
(n; h)∈{(1; 7); (1; 8); (1; 9); (2; 2); (2; 3); (2; 4); (2; 7); (2; 8); (2; 9)}:
For n¿ 3, since there exists a GDGjD, j = 6; 8, of type 10n, n¿ 3 (see Theorem 2.2), the proof is similar to that of
Theorem 4.1.
5. Main theorem
The results in the previous sections can be combined to give the following theorem:
Theorem 5.1. A simple minimum covering of Kv → Gj , j = 6; 7; 8; 9, exists for all v¿ 8, with padding as in Table 1.
For v = 7, a simple minimum covering exists with padding as in Table 1, apart from J.
Proof. The result follows immediately from Theorems 3.1, 3.2, 4.1 and 4.2.
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